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A quantitative means of describing molecular shape has been described and developed in 
the first paper of this series. In this second paper these techniques are further developed to 
enable the classification of protein "surface" shape. Essentially the molecular surface shape 
descriptors are considered as components of a vector in a multidimensional space. The closer 
two vectors are to each other, the more similar are the shapes from which the vectors were 
derived. 

1. I n t r o d u c t i o n  

A general me thod  of  obtaining global shape descriptors of  the "sur face"  of  a 
molecule f rom a three dimensional coordinate  structure of  the molecule has been 
developed [1,2]. The process is able to deal with reentrant  regions by generating sev- 
eral single valued functions, called subsurfaces, f rom what  would  otherwise be a 
single mult ivalued function. In this paper,  work  carried out  on a number  of  protein 
molecules is described. The actual proteins used are shown in table 1 along with a 
reference key and their protein data  bank code [3]. In section 2 details of  obtaining 
the shape descriptors for protein molecules is described. The shape descriptors 
may  be viewed as a shape spectral representat ion of  the molecule and this is also 
seen in this section. 

The actual  technique of  shape compar ison is examined in more  detail in sec- 
t ion 3. In part icular  it is impor tant  to see how the results may  depend on the num- 
ber of  shape descriptors and also the number  of  subsurfaces. This will provide a 
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Table 1 
Key to protein molecules used in this study. 

Key Data bank code Molecule 

A 2ADK adenylate kinase 
B 2SSI subtilisin inhibitor 
C 4ATC aspartate carbamoyltransferase 
D 4CPA carboxypeptidase A 
E 1CTS citrate synthase 
F 1EST elastase 
G 4CHA a-chymotrypsin 
H 2GCH 3,-chymotrypsin 
I 2DFR dihydrofolate reductase 
J 2PTC trypsin 
K 2SBT subtilisin 
L 1LYZ lysozyme 
M 2SNS staphylococcal nuclease 
N 2SGA proteinase A 
O 2PKA kallikrein A 
P 4LDH lactate dehydrogenase 
Q 2APE acid proteinase 
R 1 ALP alpha-lytic protease 
S 2PAD papain 
T 2CAB carbonic anhydrase B 
U 3PGK phosphoglycerate kinase 
V 1BP2 phospholipase 2 
W 2ACT actinidin 
X 3RP2 proteinase II (structure A) 
Y 3RP2 proteinase II (structure B) 
Z I GCR gamma crystallin (both domains) 
a 1GCR gamma crystallin (domain A) 
b 1GCR gamma crystallin (domain B) 
c 5CPA carboxypeptidase A 
d PTC2 trypsin inhibitor 

better unders tanding of  any limitations of  the method and thus help interpretat ion 

of  later results. In section 4 the method  is then applied to a large number  of  protein 

molecules. This should then enable the identification of  groups of  proteins that  

are related by surface shape. Section 5 is devoted to some concluding remarks. 

2. S igni f icance  o f  the  descr ip tors  

2.1. OBTAINING SHAPE DESCRIPTORS FOR PROTEINS 

All protein structures were taken f rom the protein data  bank [3]. Before surface 

points were generated the protein data  bank (PDB) files were edited to remove, in 

particular,  water molecules as well as other structures that  were not  part  of  the 
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actual amino acid sequence or sequences, the intention being to deal in the first 
instance with a straightforward protein structure. Necessary symmetry operations 
were also applied in the case of oligomeric macromolecules~ From these modified 
PDB files a Connolly dot surface was generated [4]. For this, the probe radius was 
set at 1.4 A, thus resulting in points lying on the solvent accessible surface being 
generated. An alternative choice would be a probe radius of 0 A, giving the Van der 
Waals surface. Either choice will provide points which represent the molecular 
shape and is therefore unlikely to have much effect on the results. However, 
because of the importance of solvent in molecular interactions, the solvent accessi- 
ble surface is usually considered a more appropriate surface model. In addition, 
the solvent accessible surface is smoother than the Van der Waals surface and there- 
fore more easily represented by spherical harmonics. 

The surface point density was set at 5 / A  2. This latter value must be considered 
as a compromise since as high point densities as possible are desirable• However 
fig. 1 shows the effect of increasing the point density on the zeroth order descriptor 
of chymotrypsin (for the first subsurface) and as can be seen there is little change 
above the value of 5 / A 2. Note that to obtain Connolly surfaces for very high densi- 
ties required much memory space which was generally not available. Hence the 
value of 5 / A 2 was chosen as a practical working value for the protein molecules. 

The Connolly dot surface was used as input to the mapping program. For the 
protein molecules the mapping program produced from the dot surface six piece- 
wise continuous single valued surface functions or subsurfaces (rk(O, ~b), k = 1, 
•. • 6). Actually, in some cases six functions were insufficient as will be seen later but 
this did not alter any results obtained. To resolve reentrants the separation or step 
(see [2] was set at 1.4 A and the maximum search radius was set at ten degrees (i.e. 
with one degree grid boxes this corresponds to ten further levels of grid boxes) 
before the search for surface points was abandoned. These conditions were main- 
tained throughout the work to ensure consistency. Figure 2 shows the comparison 

14 

13" 

12 

ii 

~i0 

9 

8 

7 

s' ~o' 15' 2o' 25' 3o' 35' 40' 
point density /A i 

Fig• 1. The effect of point density on computed zeroth order shape descriptor for chymotrypsin• 
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Connolly 

mapped  

Fig. 2. Comparison of a Connolly dot surface with a mapped polar coordinate version. The molecule 
is chymotrypsin. 

between a dot  surface and a mapped surface for chymotrypsin  and it can be seen 
that  a rather  good representation has been obtained (subsurfaces superimposed). 

F rom the mapped surfaces, harmonic  expansion coefficients (the shape descrip- 
tors) were calculated. Values were evaluated up to l = 50 (m ~< l) and up to k -J 6, 
i.e. for each separate surface function. 

2.2. DISPLAYING SHAPE DESCRIPTORS 

A number  of  examples of  shape descriptors are shown in fig. 3, these correspond- 
ing to the first order subsurface only. 

These m a y  be viewed as "shape spectra" the spectra being in some sense a 
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frequency representation of the molecular shape. The term frequency must be qua- 
lified since each shape descriptor has two subscripts which have been plotted along 
a single axis. For each value of/, values for the entire range ofm are plotted, before 
turning to the next value of l. Moving along the x-axis therefore shows the contribu- 
tion higher order harmonics make to the overall shape and in this sense corre- 
sponds to higher frequency terms. It is possible to represent the spectra with l and rn 
along the x- and y-axis respectively say, and with the amplitude along the z-axis 
but the form given is convenient for a visual inspection of the shape spectra. Note 
that the descriptors are complex values so that real and an imaginary spectra are 
obtained in each case. 

The spectra as shown are obtained directly from the expansion coefficients and 
no normalisation has been carried out. In other words, they are raw shape spectra. 
However, an important observation can be made concerning the descriptors them- 
selves. This is that there is a rapid fall off in the amplitude of the descriptors (there 
is a change of scale in fig. 3) with much of the shape information apparently being 
contained within the first few descriptors. This may seem somewhat surprising in 
view of the complexity of the solvent accessible surface of a protein molecule but 
actually this rapid early convergence is somewhat curtailed as more descriptors are 
included. Hence the low order shape descriptors rapidly build up the overall shape 
(and size) but a great many more are required to represent any fine detail. This is 
a consequence of the fact that it is a global shape description technique being 
applied to generally piecewise continuous functions. The zeroth order descriptor is 
not shown in fig. 3 since this was very much larger than the remaining shape 
descriptors. This descriptor of course is the one corresponding to size and contains 
no shape information (i.e. a sphere). 

Normalisation was not applied to these descriptors but instead rotationally 
invariant descriptors were obtained. In fig. 4 are shown plots of invariant descrip- 
tors for a number of proteins. In order to have as large a scale as possible the largest 
value, i.e. the zeroth order descriptor, is not included on the plots since again this 
was much greater than the remaining descriptors. 

In addition, these rotationally invariant descriptors have been size scaled (or 
size-normalised). This is carried out by dividing all the descriptors of a particular 
molecule by the zero order descriptor (of the first subsurface). This value corre- 
sponds to the size (of the first subsurface) so in effect the descriptor for the first sub- 
surface of each molecule takes the value one. Rotational invariants that result 
from these size scale descriptors will also be such that in all cases the value A0 = 1 
(for the first subsurface). These modified spectra can be used for making a direct 
visual comparison between the different molecules and again as in the case of the 
raw descriptors, low order shape descriptors appear to dominate the spectra with a 
rapid initial tail off in their values. However, it can be seen that beyond values of 
l = 20 there appears to be little variation in the values of the shape descriptors. A 
second observation that can be made concerns a comparison between molecules. 
This will be discussed in more detail in subsequent sections but it can be seen that 
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molecules that are known to be similar in structure and therefore in shape give a 
similar shape spectrum. Hence, similarities can be identified between elastase, a- 
chymotrypsin and 3,-chymotrypsin whereas the spectrum of carboxypeptidase A is 
rather different. Of course, elements of the spectra are also considered as compo- 
nents of Euclidean vectors and the shape difference is quantified through relation 

D =  ( A ~ - b ~ )  2 • (1) 

The behaviour of this definition will be examined in more detail in the following 
section. 

3. Investigating shape difference properties of the descriptors 

3.1. U S I N G  NON-SIZE-SCALED DESCRIPTORS 

Initial work was carried out using 10 proteins and shape difference matrices 
evaluated using eq. (1). Using the method of classical scaling as described in appen- 
dix A, shape difference plots have been made and these are shown in fig. 5. It 
should be emphasised that the motivation for obtaining these plots is to obtain a 
means of visualising the shape difference measure when applied to a number of 
molecules. 

In these diagrams non-size-scaled rotationally invariant descriptors have been 
used. In order to interpret these diagrams it is important to observe the eigenvalues 
obtained in inverting the B matrix. It is seen that in fig. 5 the first eigenvalue is 
about 10 times greater than the second with the second, third and fourth being of 
the same order of magnitude. The fifth is then a further order of magnitude smaller. 
This would indicate that four dimensions are needed to produce a plot with little 
or no distortion of the Euclidean distance relations as obtained from the shape dif- 
ference measure and, for example, the cluster in the first plot may be only appar- 
ent. However, the second part of fig. 5 shows the spread in values due to the third 
coordinate. The plots may be therefore viewed as an x y  and a zy  plot. Thus in the 
second plot it can be seen that there is little spread above the x y  plane and the clus- 
ter indicated is real. The values of the eigenvalues indicate that including further 
coordinates will also have minimal effect on the clustering. 

In fact it is possible to quantify the contribution each coordinate makes to the 
distribution of molecules on the plot (i.e. the shape difference relations). To con- 
sider the contribution each coordinate makes or, in particular, the first m coordi- 
nates, the following expression can be considered [5]: 

m p 

j= l  j = l  
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where p is the total number of coordinates (i.e. molecules and hence eigenvalues). 
This gives the fractional contribution that the coordinates make and for the exam- 
ples of  fig. 5 the first two coordinates (x and y) account for 90% of the variation. 
Including the third component  (z), 95% of the variation is accounted for. On this 
basis it can be seen that in combination the xy  and yz plots give an excellent indica- 
tion of  the shape interrelations between the various molecules considered. These 
plots cannot be used for accurate numerical work but it serves as a convenient way 
to explore shape interrelationships and to identify possible clustering. 

In fig. 6 are shown similar plots but in these cases the number of subsurfaces has 
been reduced to one - the first subsurface (i.e., the upper limit of k is 1 in eq. (1)). 

The eigenvalues also indicate that a three dimensional representation is suffi- 
cient to display the shape difference interrelationships with 98% of  the variation 
being accounted for in this case. In the latter situation, reentrants on the surface of  
the molecules are simply left out of the calculation and it may appear surprising 
that the overall pattern has not been altered to any marked degree. However, this is 
simply a reflection of  the fact that most of the solvent accessible surface of  each pro- 
tein can be "seen" from the centroid of the protein. It is therefore the shape descrip- 
tors corresponding to this first order subsurface (recall that the first order 
subsurface is that surface which can be seen from the centroid of  the relevant mole- 
cule) which play the maj or role in the shape difference values. 

This point is further emphasised by the figures shown in table 2. Here the zero 
order shape descriptors are shown for subsurfaces of the proteins considered. Since 
the values for the first subsurface are much greater than those for higher order sub- 
surfaces the indication is that the first order surface is of much greater area than 
the higher order subsurfaces. Therefore it is the former which are important  in eval- 
uating the shape difference measure. It can also be seen from this table that a num- 
ber of  molecules may require more than six subsurfaces (i.e. those whose sixth 
zero order descriptor is not zero) but, from what has just been seen and the fact that 
these sixth order descriptors are small, including further subsurfaces will not  
change any of the results. 

It has been seen that it is the first order subsurface which makes the main contri- 
bution to the shape difference relationships. Also to be considered is the effect 
that a change in the number of shape descriptors (the upper limit L in eq. (1) has on 
the shape difference measure. It was noted previously that low order descriptors 
were dominant  in the shape spectra and it can be seen from fig. 7 that the major  
influence in determining shape interrelations between a number of molecules is the 
zeroth order term. Since there is much similarity between figs. 5 and 7 it must  be 
concluded that it is the size of  the molecules which are determining the shape rela- 
tionships. This is because the zero order descriptor corresponds to the size of the 
molecule. Note  that though the pattern is similar in both cases, the figures will not  
be to the same scale. However, it is the relative values (distances on the plot, i.e., 
shape differences) that are of  interest. 
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Table 2 
Zero order descriptors for protein molecules. Descriptors have been size normalized relative to the 
first subsurface. 

Protein Zero order shape descriptor (size-scaled) 

Subsurface 
first second third fourth fifth sixth 

A 1.00000 0.33136 0.08986 0.01252 0.00148 0.00009 
B 1.00000 0.28952 0.05803 0.01055 0.00166 0.00030 
C 1.00000 0.29918 0.08970 0.01342 0.00235 0.00027 
D 1.00000 0.27808 0.09139 0.02241 0.00403 0.00056 
E 1.00000 0.43709 0.15005 0.04716 0.01259 0.00305 
F 1.00000 0.16922 0.04672 0.00350 0.00030 0.00000 
G 1.00000 0.14674 0.03584 0.00306 0.00026 0.00000 
H 1.00000 0.13327 0.02919 0.00251 0.00038 0.00000 
I 1.00000 0.15306 0.02881 0.00262 0.00013 0.00001 
J 1.00000 0.14414 0.03531 0.00281 0.00018 0.00000 
K 1.00000 0.17202 0.05173 0.00313 0.00042 0.00000 
L 1.00000 0.08391 0.01467 0.00191 0.00052 0.00004 
M 1.00000 0.14860 0.03381 0.00197 0.00012 0.00002 
N 1.00000 0.06456 0.01218 0.00092 0.00009 0.00000 
O 1.00000 0.15593 0.03855 0.00348 0.00033 0.00002 
P 1.00000 0.28053 0.10312 0.02193 0.00453 0.00061 
Q 1.00000 0.25118 0.07845 0.01398 0.00351 0.00070 
R 1.00000 0.12472 0.03128 0.00120 0.00004 0.00000 
S 1.00000 0.13592 0.02972 0.00199 0.00003 0.00000 
T 1.00000 0.13078 0.02651 0.00241 0.00037 0.00006 
U 1.00000 0.42653 0.18444 0.05922 0.01618 0.00339 
V 1.00000 0.13267 0.12197 0.00309 0.00059 0.00012 
W 1.00000 0.09390 0.01372 0.00053 0.00002 0.00000 
X 1.00000 0.15840 0.04752 0.00509 0.00055 0.00002 
Y 1.00000 0.15750 0.04465 0.00459 0.00040 0.00002 
Z 1.00000 0.14470 0.03305 0.00279 0.00011 0.00000 
a 1.00000 0.05138 0.01027 0.00008 0.00000 0.00000 
b 1.00000 0.07670 0.01842 0.00108 0.00004 0.00000 
c 1.00000 0.14335 0.03904 0.00362 0.00033 0.00000 
d 1.00000 0.06035 0.00763 0.00012 0.00000 0.00000 

T h e  a b o v e  po in t s  can  be seen in m u c h  m o r e  deta i l  b y  obse rv ing  the  p lo t s  in 

fig. 8. 
In  these  p lo t s  t w o  specif ic  e x a m p l e s  are  cons idered ,  these  be ing  the  shape  differ-  

ence b e t w e e n  t r yps i n  a n d  c h y m o t r y p s i n  a n d  on  the  s a m e  p lo t  the  shape  d i f fe rence  
b e t w e e n  t ryps in  a n d  c a r b o x y p e p t i d a s e  A. I t  c a n  be seen t ha t  a l r e a d y  a f t e r  the  L = 0 
d e s c r i p t o r  the m a i n  c o n t r i b u t i o n  to  shape  d i f ference  has  been  m a d e .  This  is a lso  
the  case  if  r e e n t r a n t s  (i.e. h igher  o rde r  subsur faces )  a re  inc luded  in the  ca lcu la t ion .  
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Similar plots can be obtained for the other proteins and so it is not surprising that 
the shape difference relations are rather stable under changes in the number of  
descriptors used and also the number of  subsurfaces. 

The above results demonstrate that effectively the size of each molecule is 
the dominant factor and is masking the shape information that is required. Fortu- 
nately it is possible to "filter" out the size information by using the size normalised 
shape descriptors. The results using these are described in the following sub- 
section. 
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3.2. USING SIZE-SCALED DESCRIPTORS 

Scaling plots have been obtained using size-scaled descriptors and some of these 
are shown in fig. 9. 

These can be compared with those plots shown in fig. 5 but in the case now being 
considered size information is excluded. The scale of the plots is considerably 
reduced since size normalised descriptors are much lower in value than their unnor- 
malised counterparts. Again a similar pattern is observed in the shape relations 
between the molecules and therefore the relative values of shape difference are not 
influenced a great deal. It is worth observing that the proteases elastase, c~- 
chymotrypsin, 7-chymotrypsin and trypsin are clustered together. These are all 
related serine proteases. 

Although the  dominating influence of molecular size is no longer included it 
was in fact again found that low order terms were the main contribution to shape 
interrelations and the effect of including more descriptors and decreasing the num- 
ber of surfaces used for two examples is shown in fig. 10. An appreciation of the 
differences in scale between the non-size-scaled plots and the size-scaled plots can 
be obtained by comparing the shape difference scales of figs. 8 and 10. 

Here as in fig. 8 it can also be seen that it is the low order terms which make the 
dominant contribution to the shape difference measure even though here the effect 
of molecular size has been "filtered" out. 

On the basis of these results it appears that there may be little purpose in evaluat- 
ing shape descriptors above ! = 10 if the aim is in exploring shape relationships 
between molecules. 
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4. Shape and groups of  related proteins 

4.1. GLOBAL AND LOCAL SHAPE COMPARISON 

One of the most basic of problems in protein chemistry is that of the relation 
between amino acid sequence, structure and function. It is only when a proteins 
amino acid sequence folds into a full three dimensional structure that, for example, 
an enzyme becomes active. It is not yet possible to predict structure from such a 
sequence and crystallographic and increasingly N M R  techniques are needed to 
obtain information about a protein structure. Once structures are available, it is 
then possible to consider the problem of the relation between structure and func- 
tion of biomolecules. One approach to this problem is to study different proteins 
which have a similar function with the aim of identifying common structural 
motifs. 

With the work described here the aim is somewhat more modest since the data 
being considered is that of the solvent accessible surface of a molecule and the 
shape descriptors do not contain any information as to what lies "behind" the sur- 
face. Ultimately though, it is this surface which interacts with the molecule's envi- 
ronment and it is therefore of interest to explore shape relations of the molecular 
surface between a greater number of protein molecules and to see in what way any 
shape similarities are reflected in functional similarities. 

In considering this problem it is important to recall that, with the techniques 
described here, entire molecules are being compared. In addition, the method is a 
global shape description technique so no local shape comparisons can be made. 
However, the active site or sites on a protein are local regions formed by a few key 
residues, so strictly it would be desirable to compare shapes of these local regions 
in order to identify possible shape similarities and functional similarities. The local 
and global aspects of the problem therefore impose a limitation. Proteins retaining 
common structural characteristics during a process of divergent evolution would 
still be expected to show similarities in overall shape though, and on this basis glo- 
bal shape comparisons can be made. 

4.2. NON-SIZE-SCALED AND SIZE-SCALED PROTEIN SHAPE COMPARISONS 

Bearing in mind the limitations outlined in the previous subsection, scaling plots 
for a large number of proteins are shown in fig. 11 and fig. 12. 

The former shows a plot obtained from the non-size-scaled descriptors and 
from what has been seen previously it may be supposed that these results are a 
reflection of relative sizes of the molecules. 

However, all the serine proteases are grouped in the main cluster and this 
appears also, though not to the same extent, in fig. 12 (these proteases have codes 
F, G, H, J, K, N, O, R, X, Y). This has been obtained using the size-scaled descrip- 
tors and therefore is a pure shape comparison. Clustering of structurally related 
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serine proteases is certainly expected - the enzymes of trypsin, chymotrypsin and 
elastase have both similar amino acid sequences and similar crystallographic struc- 
tures. In the case of the size-scaled plots, the eigenvalues indicate that the first two 
coordinates contain 80°,6 of the shape difference variation with the value being 
88% in the non-size-scaled case. Hence, the grouping on these plots is significant 
(i.e. not a consequence of representing the data in too few dimensions) and it is 
therefore somewhat surprising that as well as the structurally related serine 
proteases just mentioned a number of other molecules appear in the same group. 
This applies more to the size normalised plot where, in particular, there are a num- 
ber of other serine proteases included as well as the thiol protease papain, carbonic 
anhydrase B, staphylococcal nuclease and dihydrofolate reductase. 

Also note that here there is carboxypeptidase A (labelled C) and a second car- 
boxypeptidase A (labelled D) at a relatively large distance from the former. The key 
in table 1 can be referred to for details of other proteins. The difference between 
these two is that the former is the potato inhibitor structure whilst the latter is the 
unbound bovine structure. The inhibitor was removed from the PDB file before a 
Connolly surface was obtained. Although it is known that carboxypeptidase A 
undergoes large structural changes on binding [6], it would be expected that there 
would be much similarity in shape, an expectation which is at variance with the 
indications of the scaling plots. 

It is not clear why a number of non-related enzymes should appear to be closely 
related in shape though it seems likely that this is a symptom of using the rotation- 
ally invariant descriptors which do not contain any phase information. More 
exactly, each descriptor of order l is a measure of the total contribution made by the 
set of spherical harmonics of order ! in building the overall shape of the molecule 
in hand. This will have the consequence that similar shapes will result in similar 
shape descriptors but different shapes may produce similarities in the rotationally 
invariant descriptors. In other words, there may be a degeneracy problem in the 
rotational invariants. 

It is expected that using such shape descriptors as described may involve addi- 
tional complications so that the technique may better be considered as a first step in 
exploring shape relations between numbers of molecules. From this point of view 
largely dissimilar molecules may be eliminated from any further consideration, 
whilst those displaying certain similarities may be examined more closely by using 
the full set of original raw descriptors. This implies a large number of expensive nor- 
malisations but nevertheless a considerable reduction in the number that might 
otherwise be needed. 

To see this, consider a set of thirty molecules which are formed into two clusters 
of fifteen molecules using the above techniques. Further analysis of the two groups 
would require 2 × (15 × 14)/2 = 210 normalisations. However, the number ofnor- 
malisations required in a full analysis of the original ungrouped set of thirty mole- 
cules would be 30 × 29/2 = 435. Hence, in such an idealised situation the number 
of normalisations would be reduced by around a factor of two. 
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5. Conclusion 

It has been seen how shape descriptors are obtained for protein molecules and 
how they may be used in exploring shape relations between various molecules. One 
of the problems appears to be the lack of sensitivity so that, in particular, low order 
shape descriptors dominate the Euclidean shape difference measure and it is these 
which represent gross shape features of the molecules. Hence, it is comparisons of a 
low resolution view of the molecules that are being made using the classical scaling. 

It has also been pointed out that it is the rotational invariants that have been 
used to define a shape difference measure so again information concerning the full 
detailed shape of the molecule is missing from the analysis. It seems likely that a 
combination of these two considerations could account for some of the peculiari- 
ties displayed in the scaling plots. In order to assess this, calculations would have to 
be carried out using the original "raw" descriptors, requiring a large number of 
normalisations. However, the technique could be used as a first step by identifying 
structures which display large differences in shape and then excluding these from 
any normalisation calculations. 

Appendix  A 

C L A S S I C A L  S C A L I N G  

It is an easy task to calculate Euclidean distances between pairs of points either 
directly from the data matrix X (coordinates of points) in which case the distance 
matrix is given by 

P 

d;2  =  (xrj - x, j )  2 (3) 
j= l  

or, where n is the number of coordinates each point has (i.e., the dimensionality), 
using the n x n matrix B = x T x  which is the matrix of scalar products between 
each pair of points. In the above, the matrix X has general elements xo.. Hence, each 
term of B is given by 

P 

bo" = Z XikXjk. (4) 
k=l 

The distance between points r and s is therefore given by 

P 

d['2s = Z XrkX,.k + X,kXsk -- 2X~kX,k (5) 
k=l 

= b~ + b~.~ - 2b~,. (6) 
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The problem to be solved however is the inverse of above. The matrix of distance 
values is given and it is required to determine the coordinates. The problem can be 
approached in two stages. First the matrix B is obtained and then it is factorised 
in the form B = x T x .  To obtain B, eq. (6) needs to be inverted, which has no 
unique solution. However, with the constraint that the data is mean centered (i.e. 
the "centre of gravity" of x lies at the origin, or mathematically 2 = 0, where x 
refers to either column or row vectors of X) eq. (6) can be summed over r, over s and 
over r and s. This gives the following: 

~_~ drEs = T + nbss, (7) 
r 

Z dr2s = nbrr + r ,  (8) 
$ 

dr2~ = 2nT (9) 

with the trace 
n 

r = Z b r r .  (10) 
r = l  

Equations (7) to (10) can be rearranged to give 

b~, 1 ~ d~2s r (11) 
n //  

S 

bss=lZd;2s_  T , (12) 
n n 

r 

2 T 1 
n - n 2 Z d;2s" (13) 

Indicating the averages expressed in the above equations by using a dot the solu- 
tion for B is given by 

brs 1 2 2 2 = - g [ d r s - d ; . - d .  s + d2]. (14) 

Having obtained the matrix B a possible coordinate matrix can be obtained by 
carrying out an eigenvector analysis of B. If there are k eigenvalues arranged such 
that ,~1 ~< ,~2 <~ . . .  ~< &k and k eigenvectors el, e2 . . .  ek of unit length then the coordi- 
nate matrix is given by [5] 

A" = ( f l Y 2  • • " f k ) ,  (15) 

wheref i  = (x/~i)ei. 
A program has been written to carry out the above analysis with the eigenvalues 
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and eigenvectors being calculated by the method of  Jacobi [7]. It m a y  in fact 
require more  than two or three dimensions to represent the data, this being indi- 
cated by the number  of  non zero eigenvalues. I f  it is the case that  the two highest 
valued eigenvalues are much greater than the remaining ones then using the corre- 
sponding two eigenvectors to obtain a two dimensional coordinate will provide a 
good representat ion of  the data. Similarly for three or more  dimensions, but clearly 
if there were four  large eigenvalues then it would not  be possible to obtain an accu- 
rate visual representation. Results shown in the following chapters however  
clearly show that  for the distance matrices obtained for molecules, a two or three 
dimensional representat ion can generally be used to display shape difference inter- 
relationships as contained in the distance matrix. 
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